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Asymptotically flat spacetimes in 3D bigravity.
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1Departamento de F´ısica,
P. Universidad Cato´lica de Chile, Casilla 306, Santiago 22,Chile.
We report that a class of three-dimensional bimetric theories contain asymptotically flat solutions.
These spacetimes can be cast in a set of asymptotic conditions at null infinity which are preserved
under the infinite dimensional BMS group. Moreover, the algebra of the canonical generators ex-
hibits a central extension. The possibility that these solutions describe regular black holes is also
discussed.
I. INTRODUCTION
A property of some asymptotic spacetime symmetry groups is that sometimes they are much bigger
than the group of isometries of the background geometry. The first example of this behavior was observed
in four dimensional asymptotically flat spacetimes. There, the background geometry is Minkowski, and
its corresponding isometry group, the Poincare´ group, gets enhanced to the infinite dimensional BMS
group at null infinity [1, 2].
A particularly remarkable case was found by Brown and Henneaux [3]. They showed that asymptotic
symmetry of Anti-de Sitter geometry in 2+1 dimensions consist of two copies of the Virasoro algebra.
Moreover, they found that a classical central extension emerged in the algebra of the canonical generators.
This fact was used to give a statistical interpretation to the entropy of the BTZ black hole [4] using
conformal field theory methods [5]. The central charge plays a fundamental role in this analysis. In a
sense, it gives a measure of the number of degrees of freedom per spacetime point of the theory.
A similar structure for asymptotically flat spacetimes has been discovered recently, giving some hope
that the entropy of this kind of black holes may be also accounted by using these techniques. First, in
[6], the BMS group of symmetries was defined for asymptotically flat spacetimes in three dimensions.
The central extension of its algebra was discovered in [7]. More recently, in [8], a field dependent central
extension of the bms4 algebra was found. For the Kerr black hole it turned out to be proportional
to the angular momentum. However, a microscopical description of the entropy of the black hole in
asymptotically flat spaces is still missing. The obstacle may be spotted from the situation in three
dimensions. Despite its similarities with the asymptotic structure of the AdS case, the latter techniques
cannot give rise to horizon thermodynamics simply due to the lack of an asymptotically flat black hole
in general relativity.
Nonetheless, this kind of solutions can be build up from modifications of Einstein gravity. For instance,
in [9], an asymptotically flat black hole was found in New Massive Gravity theory [10]. In this sense,
another interesting modification to GR consist in two interacting spin two fields and is usually called
bigravity. There are much literature and recent work on this theory (see [11] for the original paper).
For recent reviews and new results, including black holes properties, cosmological implications and its
relation with massive gravity, see [12–16] and references there in and there off.
Here we want to report that bimetric theories contain a class of asymptotically flat solutions in three
dimensions. These spacetimes can be cast in a set of asymptotic conditions at null infinity which are
preserved under the BMS group. Moreover, the algebra of the canonical generators has a central extension.
This central charge can be understood from the contraction of two copies of Virasoro algebra which appear
in its AdS counterpart [17].
The plan of the paper is organized as follows. In section II a brief introduction to bigravity is given.
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2In section III an asymptotically flat solution is displayed along with its asymptotic Killing vectors. In
section IV the canonical charges and its algebra is calculated. Section V discusses the possibility that
the asymptotic flat solutions describe regular black holes.
II. BIGRAVITY ACTION
Bigravity is a theory with two independent dynamical metrics, denoted by gµν and fµν . The action,
first considered in [11], is
I[gµν , fµν ] =
1
16πG
∫
d3x
[ √−gR(g) + σ√−fR(f)− U(g, f)] (1)
where R(g) and R(f) are the Ricci scalars associated to each metric and U(g, f) is an interaction potential
depending both on g and f . The dimensionless parameter σ measures the relative strengths of both
Newton’s constants.
If the potential were absent, the symmetry group would be two copies of diffeomorphisms, one for each
metric. However, the potential is constructed in such a way that it breaks down the symmetry to just
one diffeomorphism acting simultaneously on both fields.
For a large class of potentials, flat space gµν = fµν = ηµν is a solution to the equations of motion.
Furthermore, the linearized theory around this background gives a Pauli-Fierz term (see [15] for details).
In particular, the potential we will use is 1
U(g, f) =
√
−f(gµν − fµν)(gαβ − fαβ)×[
p21(f
µαfνβ − fµνfαβ)− p22(gµαgνβ − gµνgαβ)
]
. (2)
where gµν and fµν are the inverses of gµν and fµν , respectively. The parameters p1 and p2 have dimension
of mass.
III. ASYMPTOTICALLY FLAT SOLUTION AND FALL-OFF CONDITIONS
A solution for the system (1) with axial symmetry is
gµνdx
µdxν ≡ dg2 = −h(r)dt2 + dr
2
g(r)
+ 2Jdtdϕ+ r2dϕ2, (3)
fµνdx
µdxν ≡ df2 = −X(r)dt2 + Y (r)dr2 + 2Jdtdϕ+ 2H(r)dtdr + r2dϕ2, (4)
where
h(r) = Mg +
σC
r
(5)
g(r) = Mg +
σC
r
+
J2
r2
(6)
X(r) = Mf − C
r
(7)
H(r)2 = 1− Y (r)
(
X(r) +
J2
r2
)
(8)
1 We used this potential in order to make contact with [14] and [17].
3and function Y (r) is best expressed by the relation
X(r) + J
2
r2
g(r)
+ Y (r)g(r) = 1 +
p1
p2
+
σC
4p22r
3
, (9)
where Mg, Mf , J and C are arbitrary integration constants.
Each metric corresponds to asymptotically locally flat spacetime, i.e., the Riemann tensors Rµνρσ (g) and
Rµνρσ(f) vanish for large values of the radial coordinate. Indeed, as we will see below, spacetimes (3) and
(4) belong to a more general set of solutions that approach Minkowski space in the region r →∞.
From the conformal point of view, the right boundary to impose asymptotic conditions is null infinity
[18]. In turn, the latter solutions can be accommodated in a set of fall-off conditions at future null
infinity preserved under the action of the isometries of flat space. In doing so, we will use the change of
coordinates
dt = du+
dr
h(r) + J
2
r2
, (10)
dϕ = dφ− J
h(r)r2 + J2
dr. (11)
In this new set of coordinates u, r and φ, both fields can be written as perturbations over the background
g¯µνdx
µdxν = −du2 − 2dudr+ r2dφ2, i.e., gµν = g¯µν +∆gµν and fµν = g¯µν +∆fµν . The background g¯µν
corresponds to Minkowski space foliated by outgoing null rays.
The appropriated fall-off conditions are
∆guu = h
g
uu(u, φ) + · · · ∆fuu = hfuu(u, φ) + · · · (12a)
∆gur =
hgur(u, φ)
r2
+ · · · ∆fur = h
f
ur(u, φ)
r2
+ · · · (12b)
∆guφ = h
g
uφ(u, φ) + · · · ∆fuφ = hfuφ(u, φ) + · · · (12c)
∆grr =
hgrr(u, φ)
r3
+ · · · ∆frr = h
f
rr(u, φ)
r3
+ · · · (12d)
∆grφ =
hgrφ(u, φ)
r2
+ · · · ∆frφ =
hfrφ(u, φ)
r2
+ · · · (12e)
∆gφφ = h
g
φφ(u, φ) + · · · ∆fφφ = hfφφ(u, φ) + · · · (12f)
In order for fµν (4) fulfills these conditions, we have restricted the parameters appearing in the potential
U(g, f) to p1 = p2.
It can be seen that the asymptotic behavior (12) is invariant under a coordinate transformations
generated by the following vectors
ξu = T (φ) + u∂φL(φ) + · · · (13a)
ξr = −r∂φL(φ) + ∂2φT (φ) + u∂3φL(φ) + · · · (13b)
ξφ = L(φ)− 1
r
(
∂φT (φ) + u∂
2
φL(φ)
)
+ · · · (13c)
where T (φ) and L(φ) are arbitrary functions of φ and the ellipsis stands for terms which are sub-leading
in (13). These vectors form a closed algebra under Lie brackets, in the sense of [ξ1, ξ2] = ξ[1,2]. The
arbitrary functions representing ξ[1,2] reads
L[1,2] = L1∂φL2 − L2∂φL1, (14)
T[1,2] = T1∂φL2 + L1∂φT2 − T2∂φL1 − L2∂φT1. (15)
By defining Fourier modes tm = ξ(T = e
inφ, L = 0) and jm = ξ(T = 0, L = e
inφ) the algebra looks
i[tm, tn] = 0, i[jm, tn] = (m− n)tm+n, i[jm, jn] = (m− n)jm+n. (16)
4This is a Lie algebra which consists of a semi-direct sum of diffeomorphisms on the circle generated by
jm and supertranslations tm. It is known as bms3. Note that the modes m = 0, 1,−1 represent the exact
Killing vectors of Minkowski space and form a subalgebra which correspond to the Poincare´ algebra in
three dimensions.
In sum, vectors (13) form a representation of the bms3 Lie algebra under Lie brackets.
IV. CANONICAL CHARGES AND CENTRAL EXTENSION
Using the Regge-Teitelboim approach [19], we compute the variation of the charge associated to the
asymptotic conditions (12) and (13), which turns out to be integrable and gives
Q[T, L] =
1
16πG
∫ 2pi
0
dφ
{
(T + u∂φL)
[
hguu + σh
f
uu
]
+ 2L
[
hguφ + σh
f
uφ
]}
, (17)
where we have set Q to give zero when evaluated in the background.
It is worth to make a few comments on the calculation of (17). Since outgoing null coordinates are not
suitable for Hamiltonian ADM formulation, we have modified the coordinates introducing a regulator ǫ
in such a way that Minkowski space becomes ds2 = −du2 + (1 − ǫ2)dr2 − 2ǫdudr + r2dφ2. As ǫ→ 1 we
recover outgoing null coordinates. We compute the charges using these coordinates, taking the limit at
the end. Although we do not have a proof that this method is strictly correct, it can be used to calculate
the mass of known solutions in GR, such Schwarzschild black holes, giving the right value. Furthermore,
in [20] an independent method to compute the charges was given. The regularization procedure used
here and the method in [20] gives the same result.
It is important to notice that the charge Q is conserved only when the following relations hold
∂uh
g
uu = 0, ∂φh
g
uu − 2∂uhguφ = 0, (18)
and the same relation are valid for hfuu and h
f
uφ. These equations are the leading order of the [u, u] and
[u, φ] components of the asymptotic equations of motions.
Now we turn to compute the algebra of these canonical charges. The Dirac brackets {Q[ξ1], Q[ξ2]} can
be interpreted as the variation of Q[ξ1] along a deformation given by ξ2. So, by using (17), we evaluate
the algebra of the charges
δξ2Q[ξ1] = Q[ξ[1,2]] +K[ξ1, ξ2], (19)
K[ξ1, ξ2] is a central extension. By straightforward calculation, it gives
K[ξ1, ξ2] =
1 + σ
8πG
∫ 2pi
0
dφ
{
∂φL1
(
∂2φT2 + T2
)− ∂φL2 (∂2φT1 + T1)} . (20)
It is instructive to write algebra (19) in Fourier modes by using the definitions Jm = Q[0, jm] and
Tm = Q[0, tm]
i{Tm, Tn} = 0, (21a)
i{Jm, Tn} = (m− n)Tn+m + 1 + σ
4G
n(n2 − 1)δn+m, (21b)
i{Jm, Jn} = (m− n)Jn+m. (21c)
and we can see that corresponds to bms3 with a central extension. It is straightforward to check that
this algebra fulfills Jacobi identity.
Two comment can be made. First, it is suggestive to write the central charge in (21b) as
3
G
+
3
G/σ
.
5As it was realized in [7] for three dimensional General Relativity, an asymptotically flat spacetime at null
infinity picks up a central charge given by 3
G
. Hence, for the present theory, the central charge obtained
in (21b) can be regarded as having two contributions, one from g and one from f . This can be understood
from the fact that there is no derivative terms in the potential (2). This observation was already made
in [21] for asymptotically AdS black holes in bigravity.
Another interesting comment is that (21) can be understood as a contraction of two Virasoro algebras
i{L±m, L±n } = (m− n)L±n+m +
ℓ(1 + σ)
8G
n(n2 − 1)δn+m, (22a)
i{L±m, L∓n } = 0. (22b)
It is easy to show, that by defining Tm = ℓ
−1
(
L+m + L
−
−m
)
together with Jm = L
+
m − L−−m and taking
ℓ→∞, we recover (21). Actually, a realization of (22) was found in the charge algebra of asymptotically
AdS solutions for a bigravity theory with the same potential considered here, [17].
V. BLACK HOLES?
In this section we analyze the geometry generated by (3) and (4) and study the conditions needed
to describe regular black holes. When considered independently, is easy to see that gµν has an horizon
where g(rg) = 0, and fµν has one in X(rf ) +
J2
r2
f
= 0. In order to describe black holes, both functions
g(r) and X(r) + J
2
r2
must be positive for large values of r. This is achieved by imposing
Mg > 0 Mf > 0 Q > 0 − 1 < σ < 0 (23)
In the coordinates (10) and (11), line elements df2 and dg2 posses two Killing vectors ∂u and ∂φ. They
can be written in the form (13). Using (17), their respective conserved charges are
E = 1
8G
[(1−Mg) + σ (1−Mf )] , J = (1 + σ)
4G
J (24)
We identify E with the gravitational energy of this solution and J with its angular momentum. (In the
sense of [19], coordinate transformation (10) (11) is a proper gauge transformation, i.e., it does not affect
the conserved charges).
It is straightforward to check that the positivity of the energy E > 0 is compatible with conditions (23)
for some range of Mg and Mf .
A more interesting condition appears if we study the near-horizon geometry of this solution. It has
been shown in [14, 22] that for any bigravity theory, in order to have well behaved fields in all points of
spacetime, both event horizons, rg and rf , must coincide and the surface gravities of gµν and fµν must
be the same. The former condition is easily fulfilled by adjusting Mg and Mf as
Mg =
|σ|C
r0
− J
2
r20
Mf =
C
r0
− J
2
r20
(25)
where r0 is the location of the horizon.
The latter condition can be achieved in two different ways:
• C = 0. Both fields becomes equal and no longer have horizons. The outcoming spacetimes have
causal structures reminiscent of cosmologies.
• σ = −1. Notice that with this condition Mg = Mf and both fields describe the same black hole
written in different coordinates, i.e., with an appropriated change of coordinates, f acquires the
form of g and viceversa. Besides, all global charges vanish, in particular, its entropy (see [14] for
a proper definition of entropy in bigravity). This value for the entropy may have relation with the
fact that for σ = −1 the value of the central charge (21b) is zero.
6VI. CONCLUSIONS
A class of solution to a bigravity theory has been presented. These solutions can be accommodated in
a set of asymptotic conditions at null infinity which are preserved under the action of the BMS group,
meaning that these solutions are asymptotically flat. However, in order to satisfy this latter condition
the parameters appearing in the potential U(f, g) have to fulfill p1 = p2.
The algebra of the canonical generators was calculated and a central extension can be found giving
3
G
(1 + σ). This algebra was understood from the contraction of two Virasoro algebras for asymptotically
AdS solutions for the same theory.
It was shown that, due to regularity conditions, the solution which describes an asymptotically flat
and regular black hole is produced only when σ = −1. However, this condition sets the central extension
to zero. It is tempting to relate the latter with the vanishing total entropy of this solution.
As a remark, this result does not exclude the possibility that there exists regular solutions to bigravity
with the same asymptotic behavior and a non vanishing central extension. Perhaps this can be achieved
by using other potentials. Building solutions satisfying these features is a problem that will be considered
elsewhere.
Finally, it would be desirable to study the asymptotic symmetries of bigravity solutions in four dimen-
sions and to see if it is possible to find a bms4 charge algebra, as it was done in [23, 24].
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